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psj ' Abstract 



We introduce a mixed generalized multifractal formalism which extends the mixed 
multifractal formalism introduced by L. Olsen based on generalizations of the Haus- 
dorff and packing measures. The validity of such a formalism is proved in some 
special cases. 
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1 Introduction and main results 



& ; Dom(B) = {-VB,(g); V5 M 3} and /„ 



2 Hausdorff and packing measures and dimensions 



Given a subset £Cl, and e > 0, we call an e-covering of E, any countable 
set (Ui)i of non-empty subsets [/ { CR satisfying 

£C(J#i and |E7<| = diam(Ui) < e, (1) 
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where for any subset U C R, \U\ = diam(U) is the diameter defined by 
\U\ = diam(U) = sup \x — y\. Remark here that for e\ < €2, any 62-covering 

x,y(z U 

of E is obviously an e2-covering of E. This implies that the quantity 
n s e (E) = inf{£ \U t ] s ; (Ui) satisfying [T| 

i 

is a non increasing function in e. It's limit 

H s (E)=\imU s e (E) 

defines the so-called s-dimensional Hausdorff measure of E. It holds that for 
any set £CK there exists a critical value se in the sense that 

H S (E) =0, Vs < s E and % s (£) = +00, Vs > s B , 

or otherwise, 

s E = sup{s > ; W(E) = 0} = inf{s > ; W{E) = +00}. 

Such a value is called the Hausdorff dimension of the set E and is usually 
denoted by dimn E or simply dimE. When Ui = B(xi,ri) is a ball centered 
at Xi G -E and with diameter n < e, the covering (B(xi,ri))i is called an e- 
centered covering of E 1 . However, surprisingly, the quantity T-L s restricted only 
on centered coverings does not define a measure. To obtain a good measure 
with centered coverings on should do more. Denote 

C" e (E) = inf{^ |2rj| s ; (B(xi, rj))j ane — centered covering of E} 

i 

and similarly as above, 

C\E) = \imC s € (E). 
As stated previously, this is not a good measure. Indeed, 

So, to obtain a good candidate, we set for £C1, 

C S (E) = sup C\F). 

FCE 

It is called the centered Hausdorff s-dimensional measure of E. But, although 
a fascinating relation to the Hausdorff measure exists. It holds that 

2~ S C S {E) < n s {E) < C S {E); \/E C R d . (2) 



Indeed, let F C E be subsets of M. d . It follows from the definition of H s 
and C that U S {F) <C{F). Next, from the fact that U s is an outer metric 
measure on R d , and the definition of C s , il results that H S (E) < C S (E). Next, 
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let {Uj}j be an e-covering of F and rj = diam(Uj). For each i fixed, consider 
a point Xi G £7, fl F. This results in a centered e-covering {£>(xj, rj)}j of F. 
Consequently, 

C s e {F) < 2(2ri) a = 2'X)(diam(E7 i )) a . 

« j 

Hence, 

< 2 s n s € (F). 

Next, as e 4 0, we obtain 

C S (F) < 2 s n s (F), VF C £7. 

which guaranties that 

C S (E) < 2 s n s (E). 

It holds that these measures give rise to some critical values in the sense that, 
for any set E C R there exists a critical value /ig and for which 

U S (E) = 0, Vs < h E and H S (F) = +oo, Vs > ^ 

and similarly 

C S (E) =0, Vs < eg and C*(£) = +oo, Vs > c B . 

But using equation [2] above, it proved that He = ce and otherwise, 

h E = sup{s > ; H S (E) = 0} = inf{s > ; W(E) = +oo}. 

Such a value is called the Hausdorff dimension of the set E and is usually 
denoted by dimn E or simply dim E. 

Similarly, we call a centered e-packing of E C 13L d , any countable set (B(xi, r^))* 
of disjoint balls centered at points Xi a E and with diameters r$ < e. The 
packing measure and dimension are defined as follows. 

V s (E) =lim(sup{^(2r i ) s ; {B{x h r i )) i e - packing of E}), 

i 

V S (E) = inf{^P s (^) ; E C U^}. 

j 

It holds as for the Hausdorff measure that there exists critical values and 
Pe satisfying respectively 

V s (E) = +oofors < A(E) and V\E) = for a > A(E) 

and respectively 

V S {E) = ocfois < p E and V S {E) = for s > p E . 
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The critical value A(E) is called the logarithmic index of E and pe is called 
the packing dimension of E denote by Dimp(E) or simply Dim(E). These 
quantities may be shown as 

A(E) = sup{s; V s \E) = 0} = inf{s; V s '(E) = +00}. 

and respectively 

Dim(E) = sup{s ; T S (E) = 0} = inf{s ; V S (E) = +00}. 

Usually, we have the inequality 

dim{E) < Dim{E) < A(E), V£ C R d . 

Definition 2.1 A set E C M. d is said to be fractal in the sense of Taylor iff 
dim(E) = Dim(E). 



3 Multifractal generalizations of Hausdorff and packing measures 

Let fj, be a Borel probability measure on M. d , and a nonempty set E C M. d and 
e > 0. Let also q, t be real numbers. We will recall hereafter the steps leading 
to the multifractal generalizations of the Hausdorff and packing measures due 
to L. olsen in [9]. Denote 

Uf je {E) = M{Y J {^B{x i ^))%2r i ) t }, 

i 

where the inf is taken over the set of all centered e-coverings of E, and for the 
empty set, "H^' e (0) = 0. As for the preceding cases of Hausdorff and packing 
measures, it consists of a non increasing quantity as a function of e. We then 
consider its limit 

U^\E)=\imU^(E) = sup U^(E) 

e-l-U ,5 > o 

and finally, the multifractal generalization of the s-dimensional Huasdorrf mea- 
sure 

W/(E) = sup Hf(F). 

FCE 

Similarly, we define the multifractal generalization of the packing measure as 
follows. 

V^(E) = sup{^(B(x t , ri ))y(2 ri y} 
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where the sup is taken over the set of all centered e-packings of E. For the 
empty set, we set as usual P^' e (0) = 0. Next, 

vf(E) = lim^f e (£) = mfvf e (E) 

H \ 1 ft ev / S>Q fj,,e\ ) 



and finally, 



In [9], it has been proved that the measures "H^' 4 , V q,t and the pre-measure 

T 5 ^' assign in a usual way a dimension to every set E C R d as resumed in the 
following proposition. 

Proposition 3.1 Given a subset E C R d , 
(%) There exists a unique number dim q ^(E) G [— oo, +oo] siic/t £/ia£ 

!+oo /or £ < dim^E) 
sz t > dimfXE) 

(2) There exists a unique number Dim q (E) G [— oo, +oo] suc/i i/iai 

t f +oo /or i < Diml(E) 

v f( E ) = for t> DimfXE) 

(3) There exists a unique number A q (E) G [— oo, +oo] such that 

V » i E ) = S for t > A q (E) 

The quantities dim q (E), Dim q (E) and A q (E) defines the so-called multifrac- 
tal generalizations of the Hausdorff dimension, the packing dimension and the 
logarithmic index of the set E. More precisely, one has 

diml(E) = dim(E), Dim^E) = Dim(E) and Aj(£) = A(E). 

The characteristics of these functions have been studied completely by L. 
Olsen. He proved among author results that dim^ and Dim q are monotones 
and a-stables. Furthermore, if E = support(fi) is the support of the measure 
/i, one obtains 

a. The functions q i — > Dim^E) and q i — > A q (E) are convex non increasing. 

b. q i — > dim^E) is non increasing. 

c. i. For q < 1; < dim^E) < Dim^E) < A«(£). 

ii. diml(E) < Dim^E) < A^E) = 0. 

iii. For g > 1; dim' (£7) < Dim^E) < A^E) < 0. 
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4 Mixed multifractal generalizations of Hausdorff and packing mea- 
sures and dimensions 

The purpose of this section is to present our ideas. As it is noticed from the 
literature on multifractal analysis of measures, this latter always considered a 
single measure and studies it scaling behavior as well as the multifractal for- 
malism associated. Recently, many works have been focused on the study of 
simultaneous behaviors of finitely many measures. In [15] , a mixed multifrac- 
tal analysis is developed dealing with a generalization of Renyi dimensions for 
finitely many self similar measures. This was one of the motivations leading 
to our present paper. Secondly, we intend to combine the generalized Haus- 
dorff and packing measures and dimensions recalled in section [3] with Olsen's 
results in [15] to define and develop a more general multifractal analysis for 
finitely many measures by studying their simultaneous regularity, spectrum 
and to define a mixed multifractal formalism which may describe better the 
geometry of the singularities's sets of these measures especially simultaneous 
singularities. 

Let yU = (/ii, /x 2 , ■ ■ ■ , Hk) a vector valued measure composed of probability mea- 
sures on M. d . We aim to study the simultaneous scaling behavior of [i which 
we denote 

lim log fJ>(B(x,r)) = log fJn(B(x,r)) ^ logfi k {B(x,r)) 

r|o log r rlO log T ' r\Q log r 

In this paper, we apply the techniques of L. Olsen especially in [9] and [15] 
with the necessary modifications to give a detailed study of computing gen- 
eral mixed multifractal dimensions of simultaneously many finite number of 
measures and try to project our results for the case of a single measure to 
show the generecity of our's. Let a E C M. d be a nonempty set and e > 0. Let 
also q = (qi, q 2 , ■ ■ ■ , q k ) £ M, k and t 6 I. The mixed generalized multifractal 
Hausdorff measure is defined as follows. Denote 

n(B(x, r)) = (m(B(x, r)), . . . , fi k (B(x, r))) 

and the product 

(ji(B(x, r)))" = (»i(B(x, r))r . . . (fi k (B(x, r)))^. 

Denote next, 

^e(E) = mf { £(M£(^ }, 

i 

where the inf is taken over the set of all centered e-coverings of E, and for 
the empty set, T-t'($) = 0. As for the single case, of Hausdorff measure, it 
consists of a non increasing function of the variable e. So that, its limit as 
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e I exists. Let 



Hf(E) = \imH%(E) = supH%(E). 

•4-U 8>0 



Let finally 

nf{E) = sup nf(F). 



FCE 



Lemma 4.1 is an outer metric measure on M. d . 

Proof. We will prove firstly that Wjf is an outer measure. This means that 

i. Hf(<D) = 0. 

ii. Uf is monotone, i.e. Uf(E) < W/(F), whenever E C F CR d . 

iii. Uf is sub-additive, i.e. H q /({jA n ) < E^'*(A»)- 

n n 

The first item is obvious. Let us prove (ii). Let E C F be nonempty subsets 
of R d . We have 

Uf{E) = sup If * (A) < sup = Uf{F). 

ACE AC F 

We next prove (iii). If the right hand term is infinite, the inequality is obvious. 
So, assume that it is finite. Let (E n ) n be a countable family of subsets C R d 
for which '^'H'jf {E n ) < oo. Let also e,5 > and (B(x ni ,r ni ))i a centered e- 

covering of E n satisfying 

Y^KBix^m^m) 1 < n%(E n ) + A. 

The whole set (B(x ni , r ni )) n>i is a centered e-covering of the whole union [J i? n . 

n 

As a consequence, 



n z 



Having e and 5 going towards 0, we obtain 
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Let next a set F covered with the countable set (A n ) n . That is F C (J A n . We 

n 

have 

T?M = ^ U(4nf) 

n 
n 

Taking the sup on F, we obtain 

We now prove that 'H'jf is metric. Let A, B subsets of IR d where the distance 
d(A,B) is defined by d(A,B) = inf{\x - y\; x e A y e B} > and 
Uf(A U B) < oo. Let next < 5 < e > 0, F x C A, F 2 C B and 

(B(xi,ri))i a centered 5-covering of the set i*\ U F 2 and such that 

^(F U F 2 ) < Y,^{B{x i ,r i ))Y{2r i ) t < ^(F U F 2 ) + e. 

i 

This is always possible from the definition of % q * s (Fi U F 2 ). Denote next the 
index sets 

I = {i\ B(xi,n)r\ Fi^0} and J = {i; B(x h r t ) n F 2 ^ }. 

Hence, the countable sets (B(xi,ri)) i( zj and (B(xi,ri)) ie j are centered <5- 
coverings of Fi and F 2 respectively. Consequently, 

X!s(Fi) + U q * 5 {F 2 ) < E( / ,(S(x i ,r i )))n2r i )* + E^(^,n)) 9 (2r i )* 

= E(M5(x i ,r i ))) ff (2r i ) t 

i 

< ^>iUF 2 ) + £ . 

As a result, 

+ n q *{F 2 ) < W%{F X UF 2 )+e< Uf(A UB)+e. 
When e I and taking the sup on the sets Fi <Z A and F 2 C B, we obtain 

H?(Au B)>Hf{A)+Uf{B). 

The inequality 

nf{AuB)<nf{A) + nf{B). 

follows from the sub-additivity property of the measure Wjf- 
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Definition 4.1 The restriction ofWff on Borel sets is called the mixed gen- 
eralized Hausdorff measure on ~R d . 

Now, we define the mixed generalized multifractal packing measure. We use 
already the same notations as previously. Let 

i 

where the sup is taken over the set of all centered e-packings of E. For the 
empty set, we set as usual P^ e (0) = 0. Next, we consider the limit as e | 0, 

vf(E) = \imVf € (E) = inf P? e (E) 

and finally, 

V q ' t (E)= inf YV^iEi). 

i 

Lemma 4.2 V?' 1 is an outer metric measure on M. d . 
The proof of this lemma uses the following result. 

V q ;\A U B) = vfiA) + Vf{B), whenever d(A, B) > 0. (3) 

Indeed, let < e < ^d(A, B) and (B(xi,ri))i be a centered e-packing of the 
union A U B. It 

can be divided into two parts / and J, 

(B(x t ,r t )) t = (B(x i ,r i )) iei \j(B(x i ,r i )) ieJ 

where 

Vie I, B{xi,ri) H B = and Vie J, %,rj)nA = |. 

Therefore, (B(xi, rj))i e j is a centered e-packing of A and (B(xi, rj))j e j is a 
centered e-packing of the union B. Hence, 

r i ))) ff (2r i ) t = E(M^ n))) 9 (2r,)' + ]>>(5(^, 

s v ' s v ' 

<^',W <^','( B ) 

Consequently, 

V%(AUB)<V%(A)+V%(B) 
and thus the limit for e ! gives 

Vl\AuB)<vf(A)+V^(B). 
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The converse is more easier and it states that V q f c and next V q f are sub- 
additive. Let (5(xj,rj))j be a centered e-packing of A and (B(yi, r*)^ be a 
centered e-packing of 5. The union (.B(xj,rj)J lj(-5(2/i> r i)) . is a centered e- 
packing of A U 5. So that 

Vt{AVJB) > rO))W + £(Ai(B(w,r,)))W- 

Taking the sup on rj))j as a centered e-packing of A and next the sup 

on (B(yi,ri))i as a centered e-packing of B, we obtain 

V%(AU B) >V%(A) + V^(B) 
and thus the limit for e 1 gives 

pf(AU S)>^'V)+^/(S). 
Proof of Lemma 14.21 We shall prove as previously 

i. Vf($) = 0. 

ii. Vf is monotone, i.e. Vf(E) < Vf(F), whenever EC F CR d . 

iii. Vf is sub-additive, i.e. Vf([jA n ) < J2 V f( A ^- 

n n 

The first item is immediate from the definition of Vf($) = 0. Let E C F be 
subsets of M d . We have 

i i 

So is the item ii. Let next (A n ) n a countable set of subsets of R d , e > and 
for each n, (E ni )i be a covering of A n such that 

It follows for all e > that 

n n j n 

Hence, 

n n 

So is the item iii. We now prove that Vf is metric. Let A, B subsets of M. d be 
such that d(A, B) > 0. We shall prove that 

Vf(AU B)=Vf(A)+Vf(B). 
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Since V q ' 1 is an outer measure, it suffices to show that 



Vf(AU B)>Vf 



(A)+Vf(B). 



Of course, if the left hand term is infinite, the inequality is obvious. So, suppose 
that it is finite. For e > 0, there exists a covering (Ei)i of the union set A U B 
such that 



By denoting Fi = A fl Ei and Hi = B fl E i: we get countable coverings 

of A and (Hi)i for B respectively. Furthermore, Fi PI Hj — pour all i and j. 

Consequently, 



Since B) > 0, Fj C A and ifj C -B, it follows that d(F u Hj) > for all % 
and j. Hence, claim [3] affirms that 



and the result is obtained by having e \. 0. 

Definition 4.2 T7ie restriction ofV^ on Borel sets is called the mixed gen- 
eralized Hausdorff measure on M. d . 

It holds as for the case of the multifractal analysis of a single measure that 
the measures T-Ujf, V^ 1 and the pre- measure V 9 } assign a dimension to every 
set E C R d . 

Proposition 4.1 Given a subset E C M d ; 

(1) There exists a unique number dim q (E) G [— oo, +oo] such that 



PPM) = P?{F t U Ht) = V?(Fi) + Vl\H % ). 



Hence, 



Vf{£) + Vf{B) < 5>;*(J5i) < U 5) + e 




+oo /or t < dim q {E) 
sz t > dimfXE) 



(2) There exists a unique number Dim q (E) G [— oo, +oo] such that 




+oo for t < Dim q (E) 
for t> Dim q (E) 
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(3) There exists a unique number A q (E) G [—00, +00] such that 

V n i E ) = \ for t > A«(E) 

Definition 4.3 The quantities dim q ^{E), Dim q (E) and A q (E) defines the 
so-called mixed multifractal generalizations of the Hausdorff dimension, the 
packing dimension and the logarithmic index of the set E. 

Remark that if we denote lj = (0, 0, 0, 0) the vector with zero coordi- 
nates except the ith one which equals 1, we obtain the multifractal generaliza- 
tions of the Hausdorff dimension, the packing dimension and the logarithmic 
index of the set E for the single measure fa, 

dzm 1 ;(E) = d i m%(E), Dim]i{E) = Dim«(E) and A^(E) = A«(S). 

Similarly, for the null vector of R fc , we obtain 

diml(E) = dim(E), Diml(E) = Dim(E) and Aj(£) = A(E). 

Proof of Proposition 14.11 

1. We claim that Vt G R such that H q /(E) < 00 it holds that H q / (E) = for 
any t' > t. Indeed, let e > 0, F C E and (S(xj,rj))j be a centered e-covering 
of F. We have 

i i 

Consequently, 

^(^)<e^<(F). 

Hence, 

H^'(F) = 0, VF C E. 
As a result, H q /(E) = 0. We then set 

dimftE) = inf{ t G R; {E) = }. 

One can proceed otherwise by claiming that Vt G R such that T-Ujfi^E) > it 
holds that {E) = +00 for any t' < t. Indeed, proceeding as previously, we 
obtain for e > 0, 

e^H^F) <H%(F). 

Hence, 

n q /(F) = +00, VF C E. 
As a result, H q /'{E) = +00. We then set 

diml{E) = sup{ t G R; Hjf(E) = +00}. 
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2. Similarly to the previous case, let t G R be such that Vff{Ei) < oo. There 
exists (Ei)i subsets of M d satisfying 

EC[jEi, and P*' (Ei) < oo, for any i. 

i 

Let next t' > t, e > and (B(x ni ,r ni )) n be a centered e-packing of the set E i . 
Then 

n n 

which implies that 

^M<e*-^' e «- (4) 



Hence, P' (Ei) = for all i and consequently V^f (E) = 0. we set as previ- 
ously 

Dirrij^E) = inf{ t G E; V q i f(E) = }. 

3. It follows from equation 0] that for any t 6 I such that V Q ' t (E) < oo, we 
have P ' = for any f > t. We then set 

A« =inf{tGM; Vf(E)=0}. 

Next, we aim to study the characteristics of the mixed multifractal general- 
izations of dimensions. To do this we will adapt the following notations. For 
q = (gi, ...,&) G R k , 

b^ E (q) = dim^E), B^ E (q) = Dim^E) and A^ E (q) = A«(£). 

When E = support(^) is the support of the measure //, we will omit the 
indexation with E and denote simply 

5 m(<?) and A m(<?)- 

The following propositions resumes the characteristics of these functions and 
extends the results of L. Olsen [9] for our case. 

Proposition 4.2 a. < b^ E (q), whenever g« < 1 and Hi{E) > /or all 
1 = 1,2,...,*. 

6. A^ E (q) < 0, whenever qi > 1 /or a// i = 1,2, k. 

c. b^_(q) and B^(q) are non decreasing with respect to the inclusion property 
in R d . 

c. b^Xq) and B^(q) are a -stable. 
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Proof, a. ... 

b. For q < 1, it holds that 

V%(E) < e\ Vt > 0. 

Hence, 

Vf(E)=0, Vt>0 

which means that 

KAO) < Vt > ^ A^(g) < 0. 

c. Let £ C F be subsets of R d . We have 

w**^) = sup n q ;\A) < sup = nf{F). 

ACE AC F 

So for the monotony of b^.(q). Next, since V q,t is an outer measure, 
V^(E)<V^(F) = 0, Vt>B lt f(q). 

Consequently, 

Vf(E) = 0, Vt>B lt f(q). 

Therefore, 

B», E {q)<t,, Vt>B^ F {q). 

So that 

B„, E (q) < B^ F {q). 

d. Let (A n ) n be a countable set of subsets A n C R d and denote A = [J A n . It 

n 

holds from the monotony of b^{q) that 

b^,A n (q) < b^ A (q), Vra. 

Hence, 

sup6 M ,A„(?) < 6^(5)- 
Next, for any £ > sup b^ An {q), there holds that 

n 

H q /(A n ) = 0, Vra. 
Consequently, from the sub-additivity property of tiff, it holds that 

7#'(U4,) = 0, Vt>sup6 M , An (g). 

n « 

Which means that 

6^(9) ^ *> Vt > su P & /v4n(<?)- 
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Hence, 

b^ A (q) < sup b^ An (q). 

n 

We shall now prove the a-stability of B^{q). Consider as previously a count- 
able set (A n ) n of subsets of R d . The following inequality is immediate. 

sup5 Mij4n (g) < B^ A (q). 

n 

Next, for any t > sup -B Mi A n (g), we have 

n 

Vf(A)<Y / V«/(A n )=0. 

n 

So that 

V«/(A) = 0, Vt>supiW?). 

n 

Consequently, 

n 

Which means that 

B^ A (q) < sup B^ An (q). 

n 

Next, we continue to study the characteristics of the mixed generalized mul- 
tifractal dimensions. The following result is obtained. 

Proposition 4.3 a. The functions q i — > B^q) and q i — > A M (g) are convex, 
b. For i = 1,2, ...,k, the functions qi i — )■ b^(q), qi i — > B^(q) and qi i — > 
A M (<?), (Qi = • • • > • • • > 9fe) ^cerfj, are non increasing. 

Proof, a. We start by proving that A^ E is convex. Let p, q E M. k , a e]0, 1[, s > 
A Mi e(p) and t > A Mi ^(g). Consider next a centered e-packing = S(xj,rj))j 
of E 1 . Applying Holder's inequality, it holds that 

X)(/i(B i )) fl[ ' +(1 - a)p (2rO a * +(1 - a) - < fe(^(^)) 9 (2r,) t )7E(^(^)) p 

i i i 

Hence, 

The limit on e | gives 
Consequently, 

Pr +(1 " a)P ' at+(1 - Q)S (i?) = V a >A^(p) and t>A^(q). 
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It results that 

KA a( i + (! - a )p) < « A ^,s(?) + (i - a )KAp)- 

We now prove the convexity of B^e- We set in this case t = B^e^q) and 
s = B^sip)- We have 

Vf +£ (E) = VP' S+£ {E) = 0. 
Therefore, there exists and (-fQ)j coverings of the set E for which 

Y,vT e m<i et e^/ +£ m<i- 

Denote for n G N, = (J (ifj D Kj). Thus, (£' n ) n is a covering of E. So 

1< i,j<n 

that, 

pag+(l-a)p,at+(l-«)s+£^ ^ 

< pa?+(l-a)p,at+(l-a)s+£|jj. p 

n 

< X] ; p a9+( ' 1_Q: ^' Q: * + ^ 1_Q: ^ +£ (if- n if-) 

< n a n l ~ a = n < oo. 
Consequently, 

B^,E n (aq + (1 <«t + (l-a)s + e, > 0. 

Hence, 

B^ E (aq + (1 - < aB^ E (q) + (1 - a)B^ E (p). 

b. For i = 1, 2, . . . , A;, let q} fixed and p« < qi reel numbers. Denote next q = 
(gi, . . . , . . . , g fc ) and p = (q u qi-i,Pi, q i+ i, . . . , g fc ). Let finally 

ACE. For a centered e-covering (B(x i) r i ))i of A, we have immediately 

/ i(5(^,r i )) 9 (2r l )' < r,)) p (2r l )', W G K. 

Hence, 

flS* e (A)<^ e (A). 

When e | 0, we obtain 



Therefore, 



<(A)<sjV)- 



Hf(E) = sup Wj'(A) < sup %*(A) = Uf{ES). 

ACE ACE 
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This induces the fact that 



W/(E) = 0, Vt>b li , E (p). 

Consequently 

b», E (q) <t, Vt> b^ E (p). 

Hence, 

We shall now prove the monotony A Mv g. With the same notations as above 
and using a centered e-packing of the set E, we obtain 

As a consequence, 

p q ;\E) = o, vt>A,, E (p)- 

Therefore, 

A^ E (q) <t, Vt > A^ E {p). 

Hence, 

A„ )E (g) < A^(p). 

We now prove that is non increasing. For « = 1,2, ...,k, let <fj fixed 

and < g« reel numbers. Denote next q = (qi, . . . , • • • ,qk) an d 

p = (gi, . . . , gj_i,pj, . . . , (fa). Let next (i?,)* be a covering of the set E. It 
results from the previous case that 

E^'M > E^'M- 

Which means that V 1 ^ t {E) > V q /{E). Consequently, 

Vf(E) = 0, Vt>B,, E (p) 

and thus 

B^ E (q)<t, Vt>B litE (p). 

Hence, 

< B,, E (p). 



Proposition 4.4 a. < < B^q) < A^(q), whenever qi < I for all 

i = 1,2,..., A;. 

b. b„(%) = 5^(50 = A M (50 = 0, w/iere ^ = (0, 0, .., 1, 0, 0). 
c & M (<?) < B^q) < A M (g) < whenever q t > 1 /or aZH = 1, 2, fc. 

The proof of this results reposes on the following intermediate ones. 
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Lemma 4.3 There exists a constant £ g]0, +oo[ satisfying for any E C M. d , 

H¥(E)<ZVf(E)<eP q ;\E), Vq,t 

More precisely, £ is the number related to the Besicovitch covering theorem. 

Theorem 4.1 There exists a constant (GN satisfying: For any E (E.W 1 and 
(r x )x G E a bounded set of positive real numbers, there exists £ sets B\, B 2 , 
B^, that are finite or countable composed of balls B(x,r x ), x G E such 

that 

• EC (J |J B. 

• each Bi is composed of disjoint balls. 

Proof of Lemma 14.31 It suffices to prove the first inequality. The second is 
always true for all f > 0. Let F C R d , e > and V = { B(x, §); x e F}. 
Let next ((-By)j)i<i<£ be the £ sets of V obtained by the Besicovitch covering 
theorem. So that, (B^)^ is a centered e-covering of the set F and for each i, 
(Bij)j is a centered e-packing of F. Therefore, 

n q * € {F) < EE(^(%)) 9 ( 2 ^)* < E^i(^) = ^i(^). 

j=l j 8=1 

Hence, T-i q ^{F) < CP^iF). Consequently, for C [J-Ej, we obtain 

i 

Uf{E)=Uf{{J{E t nE)) < ^J^nfi) 



< E sup 7#'(F) 

FCEillE 



< £E su p ?J W 

,- FCEiHE 



< eE^w 

So as Lemma [4.31 

Proof of Proposition 14.41 It follows from Proposition 14. 2| Proposition 14.31 
and Lemma [4.31 



5 Mixed multifractal generalization of Bouligand-Minkowski's di- 
mension 



In this section, we propose to develop mixed multifractal generalization of 
Bouligand-Minkowski's dimension. Such a dimension is sometimes called the 
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box-dimension or the Renyi dimension. Some mixed generalizations are al- 
ready introduced in [15]. We will see hereafter that the mixed generalizations 
to be provided resemble to those in [IS]. We will prove that in the mixed 
case, these dimensions remain strongly related to the mixed multifractal gen- 
eralizations of the Hausdorff and packing dimensions. In the case of a single 
measure fi, the Bouligand-Minkowski dimensions are introduced as follows. 
For E C Support (/i), 5 > and gel, let 



where the inf is over the set of all centered ^-coverings (B(xi,6)) i of the set 
E. The Bouligand-Minkowski dimensions are 



L (E) = hmsup ^— — 

M sio - log 6 



for the upper one and 



1 sio -log 5 

for the lower. In the case of equality, the common value is denoted L q (E) and 
is called the Bouligand-Minkowski dimension of the set E. We can equivalently 
define these dimensions via the 5-packings as follows. For 5 > and q G R, 

we set 

where the sup is taken over all the centered 5-packings (B(x i ,5)) i of the set 
E. The upper dimension is 

CAE) = hmsup 



,5|o - log 5 



and the lower is 



CUE) = liminf 



l°g(SW£)) 



-54-0 - log S 

and similarly, when these are equal, the common value will be denoted C*(E) 
and it defines the dimension of E. We now introduce the mixed multifractal 
generalization of the Bouligand-Minkowski dimensions. As we have noticed, 
our ideas here is quite the same as the one in [15]. Let /i = (/ii, //2, • • • , f^k) be 
a vector valued measure composed of probability measures on M. d . Denote as 
previously 

fj,(B(x, r)) = (fMx(B(x, r)), . . . , fi k (B(x, r))) 
and for q = (q u q 2 , . . . , q h ) E R k , 

(ji(B(x, r))Y = MB(x, r))r ■ ■ ■ (j*k(B(x, r)))^. 
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Next, for a nonempty subset E C~R d and 5 > 0, we will use the same notations 
for T^g(E), C q ^{E) and C}(E) but without forgetting that we use the new 
product for the measure /i. Similarly for S q 5 (E), L q ^{E) and L^E). 

Definition 5.1 For E C Support(fi) and q = (q 1: q 2 , ■ ■ . , (fo) G M fc , we to// 
ca// 

a. C 9 (E) and L^E) the upper mixed multifractal generalizations of the Bouli- 
gand Minkowski dimension of E. 

b. 01(E) and LP {E) the lower mixed multifractal generalizations of the Bouli- 
gand Minkowski dimension of E. 

c. C^(E) and L q (E) the mixed multifractal generalizations of the Bouligand 
Minkowski dimension of E. 

Remark 5.1 We stress the fact that each quantity defines in fact a mixed 
generalization that can be different from the other. That is, we did not mean 
thatCl(E) andL~l(E) are the same (equal) and similarly for the lower ones. 
We will prove in the contrary that as for the single case, they can be different. 

Theorem 5.1 (1) For all q G R h , we have 

Ll{E)<Cl{E) and V^E) < 

(2) For any q G M*_ k , we have 

i. b^ E (q)<L^E)=Cl(E). 

ii. L^ E {q) = C q {E) = ^ E {q). 

(3) For any q G R+ , we have 

L,, E (q)<Cl(E)<A,, E (q). 



Proof. 1. Using Besicovitch covering theorem we get 

V, 5 {E) < CSl s (E), 

with some constant C fixed. So as 1. is proved. 
2. We firstly prove that 

Ll(E)>Cl(E) and V^E) > V^E). 

Indeed, let (B(xi, 5))^ be a centered 5-packing of E and (B(yi, |)) be a centered 
|-covering of E. Consider for each i, the integer ki such that Xi G B(y k ., |). It 
is straightforward that for % ^ j we have ki ^ kj. Consequently, for q G MI fc , 
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there holds that 



Which means that 

'2 



and thus, for any q G 

LUE)>Cl(E) and ZJ(S) > 

Using the assertion 1., we obtain the equalities 

Ll{E) = C_l{E) and ZJ(£) = 

for all g G Ml fc . Therefore, to prove 2.i., it remains to prove the inequality of 
the left hand side. So, let t > IlAE) and F C E. Consider next a sequence 
(^n)n Q]0, 1[ to be I 0, and satisfying 

- log On 

This means that for each n G N, there exists a centered (^-covering (B(x ni , S n )) i 
of such that 

*»)))* < S-*. 

i 

There balls may be considered to be intersecting the set F. Next, for each i, 
choose an element yi G B(x ni) 8 n ) fl F. This results on a centered 2<5 n -covering 
(B(y i ,25 n )) i of F. Therefore, 

Y\/i(5(Xm,()„)) / 



Hence, 
So that, 



< 4*5XB(a; ni A)OT 



< 4*5^*5* = 4*. 



n q ;\F)<A\ VFC £, t>L_l(E). 
nf(E)< 4* <oo, Vt>Ll(E). 
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Consequently, 

W?) < *. Vt > L*(£) =► &^(g) < Ll{E). 
We now prove the remaining par of 2.ii. We will prove firstly that 

^(£)<A M ,£(<?),VgGM fc . (5) 

This is of course obvious when the right hand term is infinite. So, without loss 
of the generality, we assume that it is finite. Denote t = A^^g), and consider 
e > and < 5 £ < 1 be such that V q ^ £ (E) < 1 for all < 5 < 5 £ . This is 
possible because of the fact that V 9 f +£ (E) = \imV q ^ £ (E) = 0. Consequently, 

<54-0 

for a centered <5-packing (B(xi,6)) i of E, we obatin 

< (25) -(*+ £ ). 



Hence, Sj lS (E) < (25) ^ +£ ^ and consequently, equation (15.11) holds. We now 
prove the converse 

A^(g)<^(^),VgGM*_ fc . 
Let t = A^ E (q), e > and < 5 < 1. It holds that 

oo=pr £/2 ^)<^r /2 (^)- 

This means that there exists a centered <5o _ P ac king (B(xi,r i )) i of i£ such that 

l<J2(^B(x l ,r l ))r(2r l ) t - £ / 2 . 

i 

Next, denote for n G N, 

i» = {<GN; ^<r,<^} and z, n = £ r,))) 9 . 

IS In 

A straightforward computation yields that 

c™p(*4)~) > i 

for an appropriate constant C > depending only on t and e. Consequently, 
for N G N such that 1 < Ciy N (^Y~ £ and 5 = ^t, the set (B(x i} 5)) i forms 
a centered 5-packing de E. Observing that q G M.*_ k , it results that 
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Consequently, C*(P) > A^ E {q) for all q G R*_ k . 
3. It follows from 1. and equation (J5]). 

Next we need to introduce the following quantities which will be useful later. 
Let fi = (/ii, /i2, • • • , yUfc) be a vector valued measure composed of probability 
measures on M. d . For j — 1, 2, . . . , k, a > 1 and E C Support(n), denote 



Tl(E) = limsupfsup 

~ I n TP 



/^■(P(a;, ar)) 



rlO \eE fMj(B(x,r)) 

and for x G Support(fi), T^(x) = T^({x}). Denote also 

P (R d ,E) = {fi; 3a > 1; \/xeE, T 3 a {x) < oo, Vj}, 

P 1 (M d ,E) = { / i; 3a > 1; T^(P) < oo, Vj}, 
P (M d ) = P (M d , Support^)) and Pi(R d ) = Pi(M d , Support(n)). 

Theorem 5.2 (1) For /i G P (M d ) and q G R}*, i/iere holds that 

b, iE (q) < Ll(E). 

(2) For pi G Pi(M d ) and q G M; fc ; i/iere holds that 

i. q(E) = CJ 1 (E). 

ii. L lhE (q)='Cl(B) = A lhB {q). 

Proof. 1. The vector valued measure /i G P (M d ) yields that 

E = [J E m 



where 



E m = {xeE; ^f^^ <m,0<r<-, Vj }. 



Next, remark that for t > L q ^(E) and F C P m , there exists a sequence (<5„) ra G 
]0, l[i for which 

t< Wf», Vn 6N . 
- log d n 

Therefore, there exists a centered <5 n -covering (B(x n i, 5 n ))i of P satisfying 
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Let next y n i E B(x n i,5 n ). Then, (B(x n i, 25 n ))i is a centered 2£ n -covering of 
F . Hence, 



* *?(g^)W*,«>)«* 

< 4 ( m l"l^(/i(B(x ra ,5 n )))t 

i 



where |g| = gi + g 2 + • • • + Thus, 

%f (F) < 4 *™ M > Vm > and F £ 

Which means that 

Uf{E m ) < 4*m M < oo, Vm, and t > L^E). 

Consequently, 

h»,E m {q) < t, Vm, and t>I&(E). 
Using the a-stability of b^q) (See Proposition 14.21 o), it results that 



2. i. From Theorem 15 .1[ it remains to prove that L 9 (E) > C^{E). Let C, 5q > 
such that 



^(B(x,4r)) <fi vo<r<5o) V j = l,2,...,fc. 
ie£ li{B(x,r)) 



Let next < <5 < 5 , (B(xi, S))t be a centered packing and (B(y i ,5/2)) i be a 
centered covering of E 1 . For each j 6 N, denote /c« the unique integer such that 
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%i e B(y ki ,5/2). It holds that 



Sim < ^(B( Xi ,S))) 

i 

p/ n(B(x„S 

rw(a,,</2)) 



Ef .^'l'T (Mflfa t „V2)))' 



< ^E(A*(s(y*,.V2))) 9 

i 

< C7l«IJ>(i*(w,*/2))) a . 



This yields that 



Consequently, 



< <? l<?l 7^ /2 (£). 



Cl{E)<mE) and C 9 (E) < L 9 (E) 



Using Theorem 15. 14 1., we obtain the equalities. 



CUE) = WE) and C 9 AE) = L 9 (E), VgGl^, /i G (6) 



ii. Using equations fl5j) and (jBJ), it remains to prove that 



Cl(E)>A,, E (q). 

The vector measure // lies in PjR"*, £7. So that, there exists as above C > 0, 
and < r < 1 such that 

^(x,2r)) ^ V0<r<5 , x E E, and j = 1, 2, . . . , k. 

Denote t = A^ E {q), £ > and < 5 < r . Then pjf ~ e/2 (P) = 00. Which 
means that there exists a centered <5o-packing of the set E, (B(xi,ri))i for 
which 



l<J2(KB(x l ,r l ))) q (2r t y- 



■6/2 
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By considering the set In, vn and 5 as above, we obtain 



> c-i^ JV >r 9 c- i (^)-^. 

Hence, 

Cj(^)>A^(g). 

We now recall re-introduce the mixed multifrcatal generalization of the L q - 
dimensions called also Renyi dimensions based on integral representations. See 
[15] for more details and other results. For q e M*' fc , /i = // 2 , . . . , /ifc) and 
5 > 0, we set 

where, in this case, 

Sfj, = Support(fjLi) x Support(fi 2 ) X . . . x Support(nk), 

(fi(B(t,5))) q dfi(t) = (fi^BfaS))) 91 (/i 2 ( J B(t 2 ,5))) 92 ...(/i fc (i?(t fc , ( 5)) X9 ' : 
and 

= d/i 2 (t 2 ) • • • dukitk). 

The mixed multifractal generalizations of the Renyi dimensions are 



r=limsup!^% and = liminf 

^ 5;o - log 5 _M 5;o - log S 

We now propose to relate these dimensions to the quantities C^, C 9 , L^, 
introduce previously. 

Proposition 5.1 The following results hold, 
a. \Jq e R*l k , 

Cl +i (Support(fi))>Il and ''(Support^)) > 



C_l + \supp^)) < I_l and C^\supp{n)) < 1% 
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c. Vg G K*' fc ; n G Pi(R d ), 

Cf'isuppiti)) = LI and Cl + \supp(ri) = 1\. 

d. Vg G R*: k , 

LI < L^isupp^)) and 7J < l£ \supp^)). 

Proof, a. For 5 > 0, let (flfc,*)) be a centered 5-covering of Support(fi) 
and let next [B(xij, <5)) ., 1 < « < £ the £ sets defined in Besicovitch covering 
theorem. It holds that 

E(/*(*(*y> = E(Ms(x y ,«5))) 9 / Mt) 

> E / (nm,2S))) q dl*(t) 

l ' j B{ Xij ,5) k 

> J(/,(B(t,25))) q dLi(t). 

As a results, 

ZS$(Support(ri) > I q , 25 . 

Which implies that 

(Support^)) > I* and C q ^ 1 {Support^)) >!% 

b. Let 5 > and {b{x^ 5)^j a centered 5-packing of Support(n). It holds that 

< E / (/i(5(t,25)))%(t) 

< J(ji{B{t,25))) q dii{t). 

Therefore, 

S q ^s {Support^)) < J* 25 

and thus, 

Cl +i (Support(i,))<Ll and C q ^ {Support^)) 

c. Assume firstly that g G Observing assertion a., it suffices to prove 
that 

C^iSupport^)) < I_l and C q ^ {Support^)) <!% 
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Since the measure // G Pi(M ), there exists a constant C > and r > such 
that 

^■(Pjx^r)) <c y xe Support^), < r < r , j = 1, 2, . . . A;. 

Next, consider for < 5 < r a centered 5-packing (B(xi,S))i of Support^). 
It holds that 

< c^E | (/x(P(i,2<5)))V(*) 

< C-^\ l(^B(t,25))) 9 d^t). 



Consequently, 

(Support^)) < C'^I^. 

Hence, 

Cf'iSupportiti)) < I_l and Cf \Support(jj.)) < 7J. 
So the equality for gel*^. 

Assume now that g G R+ fe . Observing assertion b., it remains to prove that 
Cf'isuppiti)) > LI and Cl + \supp^)) > 1\. 



To do so, we use the fact that fj, G Pi(R ), which means that there exists 
C > and r > satisfying 

fi 3 (B(x,2r)) <(J ^ y xeSu <r<r , j = 1, 2, . . . , 

Hj(B(x,r)) 

Let next, < 5 < r , (P(xj,5))j a centered 5-covering of Support(fi) and as 
previously, (^B(xij, 5)^j , 1 < i < £ the £ sets defined in Besicovitch covering 
theorem. We have 

E(MP0%,5)))^ = E(mp0%,5))) 9 / dn(t) 

> C-^Y: j (KB(t,25))) q d^t) 



> 



C-^\ J(^B(t,25))) 9 d^t). 
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Hence, 

£Sff (Support^)) > C-Mlfa. 

Consequently, 

Cf l 1 (Support^)) >I_l and (Support^)) > 7J. 

Hence, the equality for q G 

d. Let 5 > and (^B(xi, 5fj be a centered 5-covering of Support^). We have 

EfcW*,*))) 9 *' = E(M*(*«*))) 9 / 

* * B(*i,*)* 

> E / (/i(5(t,25))) 9 rf/iW 

> [UB(t,25))Yd^t). 



As a result, 

T$\Spport{jA) > Il 2S . 

Consequently, 

Lf\supp^)) > I* and V;\supp^)) 
6 A mixed multifractal formalism for vector valued measures 



Let n = (/ii, /i 2 , • • • , Aifc) be a vector valued probability measure on M. d . For 
x G W 1 and j = 1, 2, . . . , k, we denote 

a. .Ax) — hmmf -^r — — and at u Ax) — hmsup — — 

; r;o logr ^ V ; r|0 logr 

respectively the local lower dimension and the local upper dimension of fij at 
the point x and as usually the local dimension a H (x) of jij at x will be the 
common value when these are equal. Next for a = (cti, a 2 , ■ ■ ■ , otk) G IR+, let 

X a = { x G Support(n) ; a^. (x) > a,- , V j = 1, 2, . . . , k }, 
X a = { x G Support(fi) ; (x) < a,- , V j = 1, 2, . . . , k } 

and 

x(a) = x a nx a . 

The mixed multifractal spectrum of the vector valued measure \i is defined by 

a i — > dimX(a) 
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where dim stands for the Hausdorff dimension. 



In this section, we propose to compute such a spectrum for some cases of 
measures that resemble to the situation raised by Olsen in [9] but in the 
mixed case. This will permit to describe better the simultaneous behavior of 
finitely many measures. We intend precisely to compute the mixed spectrum 
based on the mixed multifractal generalizations of the Haudorff and packing 
dimensions b^, and A M . We start with the following technic results. 

Lemma 6.1 1. M 5 > 0, t G R and q G R^> a e Rk such that ( a > ?) + 1 ^ °> 
we have 

ii. -p( a ,q)+-t+ kS (x a ) < 2^ a ' q ' )+k5 V q ' t (X a ). 
2. V<5 > 0, t G E and q G a G R k such that (a, q) + 1 > 0, we have 

a. v^+t+ks^x^ < 2^ +kS v q /(x a ). 

Proof. 1. i. We prove the first part. For m G N*, consider the set 

jr m = {xeT .. V*toW*,r))) I 0<r< l 

log r 1j m 

Let next < rj < — and (B(xi,ri))i a centered //-covering of It holds 
that 

( f x(B(x h r i ))y>rt' q)+k5 . 

Consequently, 

U^ q)+t+kS {X a J < Y J {2r i Y a ^ t+kS < 2^ +k5 Y J {^B(x i ,r i ))Y(2r i ) t . 

i i 

Hence, Wr] > 0, there holds that 

yM+H-MQFj < 2^ +k5 H% l (X a J. 

Which means that 

n {a > q)+t+k5 (XZ) < 2^ q)+k5 H q f(X a m ) < 2^ q)+k5 H1f(X a m ). 
Next, observing that 1° = M^ m , we obtain 

rn 

<j_^{a,q)+t+k& [X~ a ^ < 2( a,q } +kS '}{ q ' t (X~ a ') 

ii. For q G and m G N*, consider the set defined previously and let 

E C X m , < 77 < — and (B(xi, rj)), a centered //-packing of E 1 . We have 
m 



J2(2n)^ +t+kS < 2^ +kS Y / (KB(x l ,r l ))) q (2r i ) t < 2^ +k5 V q f JE) 
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Consequently, V?? > 0, 
Hence, \/ E C X^, 

Let next, (Ei)i be a covering of X m . Thus, 

7? (a,g)+t+M^) = <p(a,q)+t+k8 ^(J(X° fl E*)^ 



Hence, V, m, 



Consequently, 



< Y.v {a ' q)+t+k5 (x a m n e„ 

i 

i 
i 



p{a,q)+t+k5 (^X a ) < 2^ a ' q "> +k5 V q,t (X C 



I \ 

2. i. and ii. follow similar arguments and techniques as previously 



Proposition 6.1 Let a G and q G M. h . The following assertions hold. 

a. Whenever (a, q) + b^q) > 0, we have 

i. dimX a < (a,q) + b^q), VgM* . 

ii. dimity < (a,q) + b^(q) VgM^.. 

b. Whenever (a,q) + B^(q) > 0, we have 

i. DimX a < (a, q) + B^q), Vgffi^. 

ii. DimX a < (a,q) + B^q) V qR k _. 



Proof, a. i. It follows from Lemma [6.11 assertion 1. i., 

n (a, q )+t+kS^ = Q) yt > h ^ 5>Q 

Consequently, 

dimX a < (a,q) + t + k5, Vt > 6 M (g), 5 > 0. 

Hence, 

dimX < (a,q) + b^q). 
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a. ii. It follows from Lemma [6.11 assertion 2. i., as previously, that 
n (a, q )+t+kS^) = 0, Vt > b„{q), 5 > 0. 

Hence, 

dimX a < (a,q) + t + kS, Vt > & M (g), £>0 

and finally, 

dimX_ a < (a,q) + b^q). 



b. i. observing Lemma [6.1[ assertion 1. ii., we obtain 

p ( Ql9 >+t+M(j^ Vt>5 M (g), <5>0. 

Consequently, 

DimX a < (a,q) +t + kS, Vt > 5 > 0. 

Hence, 

DimX a < (a,q) + B^q). 
b. ii. observing Lemma [6.11 assertion 2. ii., we obtain 

Hence, 

DimX^< {a,q) + t + k5, Vt>B^(q), 5>0 

and finally, 

DimX a < («, ?) + B^q). 



Lemma 6.2 Vg G M fc snc/i t/iat (a, q) + & M (g) < or (a,q) + B^q) < 0, we 
have X(a) = 0. 

Proof. It is based on 

Claim 1. For qeR k _ with (a, q) + b^q) < or (a, q) + B^q) < 0, X a = 0. 
Claim 2. For g G R k + with (a, g) + bjjq) < or (a, g) + B^q) < 0, F = 0. 

Indeed, let g G R_ and assume that X n 7^ 0. This means that there exists 
at least one point x G Support (p) for which > <x,-, for 1 < j < k. 

Consequently, for all e > 0, there is a sequence (r n ) n J, and satisfying 

< r n < - and p,j(B(x,r n )) < r" J ~ £ , 1 < j < k. 

Hence, 

( / u( J B(x,r n )))' ? (2r n )* > 2 t r««- eI >'«> + *. 
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Choosing t = ((ell — a), q), this induces that r H'h t ({x}) > 2 t and consequently, 

6 M (g) > diml({x}) > t, \/ e > 0. 

Letting e 4- 0, it results that b^(q) > —(a,q) which is impossible. So as the 
first part of Claim 1. The remaining part as well as Claim 2 can be checked 
by similar techniques. 

Theorem 6.1 Let fi = /i 2 , . . . , [i k ) be a vector-valued Borel probability 
measure on W d and q G R fc fixed. Let further t q 6 I, r, > 0, K^, K q > ; v q a 
Borel 'probability measure supported by Support(fi) , (f q : IR + — > M be such that 
ip q (r) = o(\og r), as r — > 0. Let finally (r q)n ) n C]0, and satisfying 



log r gtn+1 



— > 



Assume next the following assumptions. 
Al. Vx G Support(n) andr G]0,r 9 [, 



1 and X! r g-n < 00 > ^ £ > 0- 



K < ^(gfeil)) <Y 

^(5(x,r))J (2r)*« exp(^g(r)) 

A. ,2 Cq(p) = lim C„ n (p) erases and finite for all p G R, where 

n— >+oo 

C q) n(p) = —T~ l0g ( / (M^forg.n)))^^))- 

log r gn \ J / 

supp(ji) 

Then, the following assertions hold, 
i. 

fa(I_ v+C5(0) nr v - c ' (0) )> 

-V-C q (0)q + A M (g) > -V_C 9 (0)g + B^q) > -V-C q (0)q + b„(q), q G 
-V+C q (0)q + A„(g) > -V + C q (0)q + B,(q) > -V+C q (0)q + b,(q), q G R k + 

ii. Whenever C q is differentiate at 0, we have 

U-vc q (o)) = tj(-vc,(o)) = b;(-vc,(o)) = a;(-vc,(o)). 

Theorem 6.2 Assume that the hypotheses of Theorem \ 6.1\ are satisfied for 
all q G R fc . Then, the following assertions hold. 

i. a M = —Bp, v q a.s, whenever B^ is differentiate at q. 

ii. Dom(B) C a fJ- (supp(fi)) and = 5* on Dom(B). 

The proof of this result is based on the application of a large deviation formal- 
ism. This will permit to obtain a measure v supported by 2L~v + c(o)^X v ~ c 
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To do this, we re-formulate a mixed large deviation formalism to be adapted 
to the mixed multifractal formalism raised in our work. 



Theorem 6.3 The mixed large deviation formalism. Consider a se- 
quence of vector-valued random variables (W n = (W n ,i, W n ^ ■ ■ ■ , W n ^)) n on 
a probability space (Q, A, P) and (a n ) n c]0, +oo[ with lim a n = +00. Let 

n— >+oo 

next the function 

C„ : P fc ->■ 1 



t^C n (t) = — \og( E(exp((t,W n 

Q>n. 



Assume that 



Al. C n (t) is finite for all n and p. 

A 2. C(t) = lim C n (t) exists and is finite for all t. 

There holds that 

i. The function C is convex. 

ii. IfW-C{t) < V+C(t) < a, for some t e R k , then 

limsup — log(e- a " CW Efexp((t,^ n ))l | w a>a| ) j < 0. 

n-l+OO a n \ \ 1 "n - > J ) 

Hi. If^2e~ £a " < 00 for all e > 0, then 



n 



W 

limsup — < V+C(0) P a.s. 



iv. Ifa< V_C(*) < V+C(t), for some t e then 

limsup — \og(e- a - c ^E(exp((t,W n })l^ <a} )) < 0. 



v. If^e £CLn is finite for all e > 0, then 

n 

w 

V_C(0) < limsup — P a.s. 

Proof. 

i. It follows from Holder's inequality. 
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ii. Let h G R*/ be such that C(t) + (a, h) - C(t + h) > 0. We have 
1 



log 
log 



■log 



< —log 

a n 



e- a - c ^E(exp((t,W n ))l { ^ a} ) 



L a n — ' 



-a n (C(t)+(a,h)) 



-a n {C{t)+{a,h)) 



e (t,Wn)+a n {a,h) 

e (t+h,Wn) dF 



{^>a} 

L an — ' 



< —log 

(X n 

= —log 



e -a„(C(t)+<a,/»» E ( exp (^ + hj Wn ))) 
e -a n (C(t)+{a,h)-C„(t+h)) 

= -(C(t) + (a,h)-C n (t + h)). 



Next, by taking the limsup as n — > +00, the result follows immediately. 
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